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ABSTRACT
We describe a strategy for parallelizing a geothermal simula-
tion package using the shared-memory programming model
OpenMP. During the code development OpenMP is em-
ployed for the direct problem in such a way that, in a sub-
sequent step, the OpenMP-parallelized code can be trans-
formed via automatic differentiation into an OpenMP-paral-
lelized code capable of computing derivatives for the in-
verse problem. Performance results on a Sun Fire X4600
using up to 16 threads are reported demonstrating that, for
the derivative computation, an approach using nested par-
allelism is more scalable than a single level of parallelism.

Categories and Subject Descriptors
G.1.4 [Numerical Analysis]: Quadrature and Numerical
Differentiation—automatic differentiation; D.1.2 [Program-
ming Techniques]: Automatic Programming—program

transformation; G.1.0 [Numerical Analysis]: General—
numerical algorithms, parallel algorithms; J.2 [Computer
Applications]: Physical Sciences and Engineering—Earth

and atmospheric sciences

General Terms
Performance, Languages
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1. INTRODUCTION
Over the past decades numerical simulations have been

gaining popularity to predict geophysical phenomena of in-
creasing level of complexity. The availability of advanced
computer architectures as well as sophisticated computa-
tional techniques have made possible the study of computer
models for important geophysical processes such as, for in-
stance, the deformation within the Earth’s lithosphere[17]
or the propagation of seismic waves through fully three-
dimensional models of the whole Earth[16].

To better asses the quality of numerical simulations, it is
often desirable to quantify the sensitivities of the results sub-
ject to changes in the model parameters. Derivatives play
also a key role in inverse problems in which actual obser-
vations are used to infer properties of the underlying com-
putational model [22]. Prompted by their high computa-
tional effort and their widespread use in the geosciences, in-
verse problems are—most likely—among the top candidates
to consume the ever increasing computational power offered
by future multicore architectures. The recent paradigm shift
from serial to parallel computing thus enforces the computa-
tional scientist to bring together computation of derivatives
and parallel processing.

The aim of this note is to study the evaluation of deriva-
tives by automatic differentiation in the context of shared-
memory parallel programming using a concrete geophysical
application. More precisely, we consider a geothermal simu-
lation code sketched in Sect. 2 and transform this OpenMP-
parallelized code via automatic differentiation mentioned
in Sect. 3. The main contribution reported in Sect. 4 is
to introduce a novel strategy to arrange for an OpenMP-
parallelization of a Fortran program in such a way that a
subsequent transformation via automatic differentiation can
reuse this given parallelization strategy, optionally adding
an additional level of parallelism trying to improve the per-
formance. In Sect. 5, results are reported demonstrating
that nested parallelism is advantageous in terms of perfor-
mance when using a large number of threads.

2. GEOTHERMAL SIMULATION CODE
The Institute for Applied Geophysics at RWTH Aachen

University is currently developing a new geothermal simu-
lation package. Like its predecessor SHEMAT [8] (Simula-
tor for HEat and MAss Transport), the new software solves
the coupled transient equations for groundwater flow, heat
transport, and the transport of reactive solutes in porous
media at high temperatures in three space dimensions. In



this study, we consider a simplified sample case with steady-
state flow and heat transport in which the chemically reac-
tive transport is not taken into account. More precisely, the
groundwater flow equation is reformulated as

∇ ·

„

ρf g

µf

k · ∇h

«

+ Q = 0, (1)

using the hydraulic head h as the primary variable and de-
noting the source term by Q. Here, the symbol k denotes
the hydraulic permeability, which is assumed to be isotropic
for the sake of simplicity. The symbols ρf and µf represent
density and dynamic viscosity of the pore fluid, respectively,
and g denotes the gravity constant. Both ρf and µf depend
on temperature T and pore water pressure P . The latter
has to be calculated from the distribution of head and the
depth z according to the definition given by de Marsily [10]

P (z, h) = P (0) +

Z z

0

ρf (z̃) g(h − z̃)dz̃ , (2)

where P (0) ≈ 105 Pa is the pressure at the surface.
The temperature is controlled by the steady state heat

transport equation

∇ · (λe∇T ) − ρf cf v · ∇T + A = 0, (3)

which comprises a conductive term, a source term A similar
to the head equation, and an additional advective transport
term containing the filtration velocity v, where cf is the
fluid specific heat capacity, and

λe = λ1−φ
r · λφ

f (4)

is the effective thermal conductivity of the porous medium
with porosity φ. The symbols λr and λf denote the thermal
conductivity of the rock matrix and the fluid, respectively.
The filtration velocity can be calculated from hydraulic head
by Darcy’s law [10]

v =
ρfg

µf

k · ∇h . (5)

Thermal conductivities of the rock matrix and fluid as well
as the other fluid properties, ρf , µf and cf , and consequently
the filtration velocity in (5), depend on temperature and
pressure. Together with (2) these functions constitute a non-
linear coupling between (1) and (3) which are discretized by
standard finite-difference techniques as detailed in [8]. The
resulting nonlinear system of equations is solved by a simple
alternating fixed-point iteration as described, e.g., in [15].

3. AUTOMATIC DIFFERENTIATION
The term “Automatic Differentiation” (AD) [11, 19] refers

to a set of techniques that transforms a given computer pro-
gram to evaluate a function f at some point x into a new
program to evaluate ∂f/∂x or higher-order derivatives at
the same point x. The automatically-generated program is
called the differentiated program associated with the origi-
nal program. The AD technology exploits the fact that any
program consists of a sequence of elementary functions like
addition or multiplication as well as intrinsic functions. The
chain rule is then used to accumulate the known derivatives
of these functions in a mechanical way. In contrast to nu-
merical differentiation by divided differences, AD relies on
derivatives without truncation error to evaluate ∂f/∂x.

There are different AD techniques to generate differenti-
ated programs that, in exact arithmetic, compute the same

numerical results but differ dramatically in time and stor-
age. The two fundamental AD techniques are called forward
and reverse mode. For the sake of simplicity, we focus on the
forward mode in this note. The advantages of AD in differ-
ent application areas are reported in the proceedings of the
international conferences [1, 4, 5, 9, 12]. A list of software
tools implementing the AD technology is compiled at the
community portal www.autodiff.org. At the time of writ-
ing, no AD tool supports the complete OpenMP standard
such that, currently, a certain amount of manual massaging
is necessary to transform OpenMP-parallelized code.

4. AUTOMATIC DIFFERENTIATION OF
OPENMP-PARALLELIZED CODE

4.1 Parallelization of the Original Code
Due to the high computational requirements for realistic

geophysical simulations, the new simulation code is paral-
lelized using OpenMP [6, 7]. As described in [23] the paral-
lelization aims at the two most time- and memory-intensive
parts of the program, namely the solution of large sparse lin-
ear systems of equations and the assembly of the correspond-
ing coefficient matrices, which together consume about 90%
of the overall computing time. A common task when paral-
lelizing sequential source code with OpenMP compiler direc-
tives is the specification of data-sharing attributes. In gen-
eral, the programmer needs to classify the program variables
into shared and private variables using clauses. A variable is
shared if it resides in the shared memory, i.e., all OpenMP
threads have access to the shared variables. On the other
hand, if a variable is private then each thread has a local
copy of it. The OpenMP standard [18] defines a default be-
havior for program variables that have not been explicitly
classified via data-sharing attribute clauses. For example,
global variables are shared by default, while local variables
declared inside subroutines are private. When parallelizing
the new geothermal simulation code, we make frequent use
of this default behavior. To this end, variables which need to
be private to each thread are removed from the global scope
and passed between subroutines via argument lists. The
reason for using OpenMP’s default data-sharing behavior
as opposed to explicit manual specification of data-sharing
attributes of variables is to avoid an additional step of manu-
ally specifying data-sharing attributes after the AD transfor-
mation. As an example, consider the code fragments given
in Fig. 1 where a global array variable w of size m is shared in
a subroutine foo without any data-sharing attribute clause.
The choice whether a variable is global and therefore shared

is discussed in Sect. 4.3.

4.2 Differentiating the parallelized Code
To obtain sensitivity information for the simulation code,

the automatic differentiation tool ADIFOR [2] is employed.
Rather than applying ADIFOR in a black-box fashion, cer-
tain knowledge of the program is taken into account. For
example, instead of blindly applying the AD transformation
to the linear solver, the mathematical operation of solving a
linear system is differentiated by a hierarchical approach [14,
3], and the corresponding derivative code is implemented
manually, gluing together existing pieces of code. For fur-
ther details we refer to [20]. Since ADIFOR generally pre-
serves comments in the source code, the OpenMP directives



Figure 1: Example code where OpenMP’s default
data-sharing behavior is used for a global variable w.

Figure 2: Example of AD-generated code with par-
allelization for w and g w stemming from correspond-
ing original code given in Fig. 1.

in the original program are also present in the differentiated
code. In general, the classification of the original program
variables into shared and private can be also applied to the
corresponding derivative objects in the differentiated pro-
gram. Most of this classification in the original program
is intentionally done implicitly, i.e., utilizing OpenMP’s de-
fault data-sharing behavior. This default behavior is then
adopted in the differentiated code, reducing manual inter-
vention to a minimum. This way, the OpenMP paralleliza-
tion of the original program works also for the derivative
computation. See Fig. 2 for an example where the subrou-
tine g foo is obtained by AD. The variable g w contains a
single directional derivative corresponding to w. Thus, to
compute n directional derivatives, the subroutine g foo is
called n times. The initializations and processing of the re-
sults are omitted in this loop.

We compute the Jacobian matrix of temperature T and
head h with respect to four scalar parameters, namely the
porosity φ, the hydraulic permeability k, the rock thermal
conductivity λr, and the source term A, in three different
sedimentary layers. The resulting derivatives of T and h
with respect to these twelve scalar model parameters are
computed one after another. The derivative computation
is started only after the steady-state solution of the for-
ward problem is available, thus reducing the overall execu-
tion time. The convergence criterion is no longer applied to
the original function but to the corresponding derivatives.
In our sample problem this leads to significant variations in
computation time for each of the twelve directional deriva-
tives. In Fig. 5, the serial time to compute the derivatives
is shown normalized to the minimum computation time of
all directional derivatives, ∂[T, h]/∂A in the first layer.

Figure 3: Example code using an artificial additional
dimension, enabling thread-safety in Fig. 4.

Figure 4: Example of AD-generated code with par-
allelization in g foo stemming from original code
given in Fig. 3 and an additional level of parallelism
obtained from executing multiple instances of g foo.

4.3 Parallelizing the Derivative Computation
One option to employ parallelism in the derivative compu-

tation is to reuse the parallelization of the original program
as described in Sect. 4.2. An obvious alternative is to exe-
cute the computations of the twelve directional derivatives
in parallel while ignoring the parallelization stemming from
the original program. This can be achieved by an OpenMP
directive specifying a parallel loop, where in each iteration
one of the above mentioned twelve directional derivatives is
computed. This requires the derivative computation to be
thread-safe. However, as described before, we rely on the
default data-sharing attribute rules which regard all global
variables as shared. For example, large arrays containing
temperature, head, or the corresponding derivative infor-
mation reside in the shared memory, prohibiting indepen-
dent, parallel computation of multiple directional deriva-
tives. To remedy this problem, the following strategy is
applied. First, an additional dimension is appended to ev-
ery global variable that is written at least once during the
computation. Secondly, all references to these global vari-
ables in the differentiated program are modified such that
in each iteration of the parallel loop different array portions
(slices) are accessed. These preparatory steps are illustrated
in Fig. 3, where another dimension, n, is added to the vari-
able w. Applying AD to the subroutine foo yields the sub-
routine g foo depicted in Fig. 4 which computes w and its
directional derivative g w. The subroutine g foo is invoked
within a loop over the n directional derivatives, where in
each iteration, j, only the slice g w(1:m,j) of the variable



Figure 5: Ratio of the serial execution times for the
twelve directional derivatives. The ratios are taken
with respect to the minimum execution time.

g w is accessed, allowing thread-safe parallel execution.
Since the parallelization over the directional derivatives is

orthogonal to the parallelization that comes from the origi-
nal code, these two parallelization approaches can be com-
bined, potentially increasing the granularity of the paral-
lelization. This leads to a program with two nested levels
of parallelism, where the outermost level is introduced by
the above mentioned loop over the derivative computations
while the innermost level corresponds to the OpenMP par-
allelization stemming from the original code. Suppose that
n threads are working in the outermost parallel region, dis-
tributing the loop over the directional derivatives. When
entering the innermost parallel region, each thread creates
a team of, say m, threads working according to the original
parallelization. In total, this results in n · m threads.

At this point the rationale behind our approach becomes
clear. The OpenMP standard [18] does not allow a global
variable to be private in one parallel region and shared in
another. Since we want to exploit OpenMP’s default data-
sharing behavior in the innermost parallel region, the global
variables are shared in both levels of parallelism. This is
easily accomplished by the additional dimension.

5. PARALLEL PERFORMANCE RESULTS
In this section we compare the performance of the follow-

ing three parallelization approaches:

A) Reuse of the original parallelization in the differenti-
ated code

B) Parallel evaluation of the directional derivatives while
ignoring the original parallelization

C) Combination of A and B yielding nested parallelism

For the performance evaluation we compute the Jacobian
matrix on a 30 × 30 × 30 grid. As described in [23], the
BiCGStab algorithm [13] with ILU(0) preconditioning [21]
is employed. All computations are carried out on a Sun
Fire X4600 system which is equipped with eight dual-core
Opteron 885 processors operating at 2.6 GHz clock speed.

Figure 6: Speedup versus number of threads. Ap-
proach A: reusing parallelization of the original
code for the derivative computation (blue squares).
Approach B: parallel evaluation of the directional
derivatives, where the original parallelization is ig-
nored (red diamonds). Approach C: combining ap-
proaches A and B yielding nested parallelism (green
triangles). The annotations n × m indicate the dis-
tribution of the threads on the outermost and in-
nermost level of parallelism.

The application is compiled with the Intel compiler version
10.1 for Linux, using the flags “-O3 -axT -openmp -fpp2.”

In Fig. 6 the speedup for the three parallelization ap-
proaches utilizing up to 16 OpenMP threads is given. Ap-
proach A yields almost perfect speedup for up to 6 threads.
For a larger number of threads no significant improvement
can be observed. The reason for this behavior is that the
granularity of parallelism for the given problem size is lim-
ited to 6 which is caused by the specific blocking techniques
used in the implementation of the preconditioner.

Approach B performs a simultaneous evaluation of the
directional derivatives. Hence, the granularity is limited by
the number of directional derivatives, which is 12 in the
present case study. In practice, the observed speedup is
much lower because the execution times for the different di-
rections vary significantly, as shown in Fig. 5, leading to
an unbalanced work distribution. Dividing the serial execu-
tion time for computing the whole Jacobian matrix by the
maximal serial execution time for evaluating one directional
derivative yields an upper limit of the potential speedup. In
the present case, this limit is given by approximately 6.4.
Employing OpenMP’s dynamic scheduling mechanism for
load balancing, the speedup constantly increases for 1 to 12
threads, achieving a maximum of 5.1.

Approach C which results from a combination of the ap-
proaches A and B yields a better speedup than either of the
two other approaches, if 8 or more threads are employed.
The available threads can be distributed on the two levels
of parallelism in various ways. In Fig. 6 each data point
is annotated by a pair n × m, where n denotes the number



of threads on the outermost level, and m is the number of
threads created by each of the n threads when entering the
innermost level of parallelization. Since the two paralleliza-
tion strategies A and B are orthogonal, one can expect that
the speedup for strategy C using n × m threads is approxi-
mately the product of the speedup of approaches A and B
with m and n threads, respectively. In the present study,
this can be verified for the configuration n × m = 4×4. The
measured speedup of approaches A and B in this case are
3.37 and 2.61, so the expected speedup for approach C with
the 4 × 4 configuration is 8.80. The actual speedup is 8.62.

6. CONCLUSIONS
Parallel processing and computation of derivatives are two

crucial ingredients to the solution of inverse problems arising
in various fields of computational science. The development
of a geothermal simulation package is taken as an exam-
ple to introduce a novel strategy to parallelize a serial pro-
gram using the OpenMP shared-memory parallel program-
ming paradigm. The specification of parallelism is carefully
carried out in such a way that the parallelized code can be
transformed by means of automatic differentiation, adopting
in the resulting differentiated program the given paralleliza-
tion strategy specified in the original program. The strategy
allows for adding a second level of parallelism in the differ-
entiated program via OpenMP’s nested parallelism in which
a new team of threads is spawned from within each thread of
an existing team of threads, thus increasing the granularity.
The performance results indicate that nested parallelism is
more scalable than using a single level of parallelism.
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[3] C. H. Bischof, H. M. Bücker, and P. D. Hovland. On
combining computational differentiation and toolkits
for parallel scientific computing. In A. Bode et al.,
editors, Proc. 6th Int. Euro-Par Conference, volume
1900 of LNCS, pages 86–94, Berlin, 2000. Springer.

[4] C. H. Bischof, H. M. Bücker, P. D. Hovland,
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